The eigenvalues of a pure quartic oscillator are computed, applying a canonical operator formulation, generalized from the harmonic oscillator. Solving a 10x10 secular equation produces eigenvalues in agreement, to at least 4 significant figures, with accurate computations given in the literature.
The oscillator with a quartic anharmonicity, with Hamiltonian
has been extensively treated in the literature [1, 2] . This note will consider the pure quartic oscillator, in which the quadratic term is missing: k = 0. For simplicity, we take µ = 1, = 1. The Schrödinger equation we consider thus reduces to
The coordinate substitution x → λ −1/6 X transforms the equation into
Thus only the case λ = 1 need be considered, with the energy scaling as λ 1/3 for λ = 1. No analytic solution of this problem has been found, but a number of accurate numerical computations have been carried out [3, 4] .
It is useful for general orientation to compare the WKB computation of the eigenvalues. The requisite equation is
Where K is a complete elliptic integral of the first kind. This givies the energies
The first 10 WKB energies, for λ = 1, are tabulated below:
60804, E 4 = 6.44231, E 5 = 8.41864, E 6 = 10.519, E 7 = 12.7303, E 8 = 15.0424, E 9 = 17.4471.
We can obtain an accurate approximation to the eigenvalues of the quartic oscillator by an operator method, previously applied to the inversion of ammonia [5] . Since the Hamiltonian contains only even powers of p and x, a representation based on the ladder operators a and a † suggests itself, a generalization of the canonical operator formulation for the harmonic oscillator. Accordingly, we define
The parameter ω is introduced, with its value to be determined such as to optimize the results. The actions of the ladder operators on a basis ket are given by
so that x|n = 1 2ω
and
By successive application of these operators, it follows that
Note, incidentally, that
which agrees with the result for an harmonic oscillator. Finally, we require
(6n 2 + 6n + 3)|n + 2 (n + 1)(n + 2)(2n + 3)|n + 2 + (n + 1)(n + 2)(n + 3)(n + 4)|n + 4 .
The nonzero matrix elements of the Hamiltonian are given by
H n+4,n = H n,n+4 = 1 16ω 2 (n + 1)(n + 2)(n + 3)(n + 4).
Good convergence is obtained with the value ω = 2.16. The 10×10 truncated matrix of H is shown below: Below is a plot of the potential energy of a quartic oscillator V (x) = 1 4 x 4 , on which is superposed the computed energies E 0 , E 1 , . . . , E 9 , as horizontal red lines. For comparison the corresponding WKB energies are also shown as gray lines. 
